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Using Gradient-Based Optimization

Frank Muldoon#*
Louisiana State University, Baton Rouge, Louisiana 70803

DOI: 10.2514/1.34120

Maximization of film-cooling effectiveness in an idealized film-cooling flow is accomplished using a gradient-based
control strategy. The state equations are the two-dimensional unsteady incompressible Navier—Stokes equations and
the temperature equation. The control is a spatially and temporally varying normal-velocity boundary condition
subject to a constraint of zero mass and energy flux. The control that maximizes the objective function is found using a
conjugate gradient method, in which the gradient of the objective function with respect to the control variables is
obtained from solving a set of adjoint equations. The effectiveness of choices for the objective function are examined,
along with the effect of the event horizon over which the control is obtained by the optimizer. Drastic improvements in
the film-cooling effectiveness are obtained for certain choices of the objective function and event horizon. Although
not a specific target of the optimizer, one result of the control is that the wall jet remains attached to the wall. The
numerical issues involved with finding the control are discussed and the features of the resulting control are analyzed,
with the goal of understanding the mechanisms that affect the film-cooling effectiveness.

Nomenclature

=

generic objective function

turbulent kinetic energy, 1 (u'u’ + v'v)
Prandtl number

pressure

Reynolds number

vector of all discretized state variables (velocity,
pressure, and temperature)

temperature

time

event-horizon length (the extent of the temporal
dimension of the control-variable space)
maximum inlet crossflow velocity

velocity vector

first component of the velocity vector, u;
second component of the velocity vector, u,
spatial coordinate in the downstream direction
spatial coordinate in the vertical direction
distance along line in the search direction
film-cooling effectiveness

adjoint variables

control variables
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HE efficiency of turbine engines improves as the operating

temperature of the working fluid in the turbine increases.
However, higher fluid temperatures in turbines leads to turbine blade
failure as a result of exceeding temperature limits for the turbine
blade material. A common means of cooling turbine blades is film
cooling, in which the goal is to protect the blade surface from the hot
crossflow by a film of cooler fluid injected through holes in the blade
surface. These film-cooling holes must be designed in such a way that
the coolant jet covers and remains near the blade surface and does not
excessively penetrate into the crossflow. The film-cooling jets
consume a significant amount of process air, and therefore an
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important design goal is to maximize the cooling and minimize the
mass flow through the jets.

Computational [1-3] and experimental studies [4—7] have shown
that pulsing can greatly effect the structure and spreading of jets. In
work specific to film cooling, recent experimental works [8—10] have
investigated the effect of pulsing on film-cooling effectiveness. The
results of these investigations have been mixed. No increase in film-
cooling effectiveness from jet pulsation was found in [8,9]. However,
in [10], increases in film-cooling effectiveness were observed with
pulsing. These differences may be due to factors such as different jet
inclination angles, Reynolds numbers, pulsing details, and the
geometry of the film-cooling hole. Computational studies [11,12]
have shown that pulsing has a strong effect on the behavior of the film-
cooling jet and therefore a strong effect on the film-cooling
effectiveness. Improvements in film-cooling effectiveness were found
for some combinations of pulsing and duty cycle. It should be noted
that the increases in film-cooling effectiveness in [10,11] were only
found using duty cycles less than 1 (with a duty cycle of 1 meaning no
pulsing). Because the duty cycle is equivalent to the time-averaged
injection ratio, this implies that the proper baseline should be an
unpulsed jet with the same time-averaged mass flow. A computational
work [11] found no increase in film-cooling effectiveness over the
unpulsed jet when comparing pulsed and unpulsed jets with the same
time-averaged mass flow. However, for various reasons, the injection
ratio of the unpulsed film-cooling jets cannot be lowered beyond a
certain level. If pulsing with a duty cycle less than 1 increases the film-
cooling effectiveness, then this is a win—win situation, because less
process air is required for better film cooling.

The pulsing schemes examined in [11] were chosen primarily
based on intuition; however, it is desired to find the pulsing that is
optimum, and therefore some type of mathematical optimization
procedure should be used. Because jet pulsation is an unsteady
phenomena, this problem cannot be modeled using time-invariant
models such as the Reynolds-averaged Navier—Stokes equations, but
instead requires solution of the unsteady Navier—Stokes equations.
This is unfortunate, because solutions to the unsteady Navier—Stokes
equations are many orders of magnitude more computationally
expensive than the Reynolds-averaged Navier—Stokes equations.
For this reason, the coupling of optimization with the unsteady
Navier-Stokes and temperature equations with the goal of
determining the optimal pulsing for a film-cooling flow has, to
date, not been accomplished. The aim of the present work is to study
the numerical issues involved with determining the optimal pulsing
(or control) and the features of the optimal pulsing for a simplified
film-cooling flow, modeled by the unsteady Navier—Stokes and
temperature equations.
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The primary purpose behind the mathematical modeling of fluid
and heat transfer problems using computational fluid dynamics
(CFD) is to aid in the design or control of physical systems. This
implies optimization, because an optimal design or control is always
desired (subject to certain constraints, of course). Although it still
requires substantial computational resources, CFD has reached a
stage in which solutions to many fluid and heat transfer problems
may be reliably and quickly obtained. This has enabled CFD to
replace expensive physical prototype models in the design process
and has greatly reduced design cost and time. However, this use of
CFD does not change the fundamentals of design processes, which
are still guided primarily by intuition. A CFD model of a system
provides much information that cannot be obtained from a physical
model; proper use of this information can greatly aid the design
process. For full advantage to be taken of CFD, it must be
incorporated into the design process in a more fundamental manner
than simply as a replacement for physical models. This may be done
by combining CFD and optimization with the goal of optimizing or
controlling some aspect of a physical system. The goal of the present
work is the investigation of control strategies for improving film
cooling of jet turbine blades. The present work concerns the
incorporation of a CFD method into an optimization procedure and
its application to a film-cooling flow. More specifically, the control
entails varying (subject to certain constraints) the velocity boundary
conditions in space and time with the goal of maximizing the film-
cooling effectiveness in a film-cooling problem. The details of the
resulting control are potentially very fine-scale, limited only by the
spatial and temporal resolution of the discrete system model. Recent
advances [13,14] in microelectromechanical systems have increased
the practicality of performing fine-scale control of fluidic systems,
with a goal of controlling heat transfer. A practical implementation of
a controller using microelectromechanical systems will require
detailed knowledge of the effect of the controller on the flow, along
with the determination of effective control strategies.

Optimization methods can be divided into two general categories:
those that use stochastic methods (examples are simulated annealing
and genetic algorithms) and those that use the gradient of the
objective function. If the gradient of the objective function cannot be
obtained (for example, if the objective function is not continuous),
then gradient-based methods cannot be used, although stochastic
methods (which do not require the gradient) can be used. Stochastic
methods generally require many more evaluations of the objective
function than gradient-based methods. Because the objective
function in the present work requires the solution of the unsteady
Navier-Stokes and temperature equations, evaluation of the
objective function is extremely computationally expensive. This
gives a significant computational advantage to gradient-based
methods. Primarily for this reason, the present work uses a gradient-
based method (more specifically, a conjugate gradient algorithm) to
find the minimum of the objective function. The gradient of the
objective function is found by solving the adjoint equations, which
are derived from the discretized Navier—Stokes and temperature
equations. Solution of these equations requires approximately the
same computational cost as solving the state equations, which, in the
present work, are the two-dimensional unsteady incompressible
Navier—Stokes and temperature equations.

A gradient-based optimizer, with the gradient obtained by solving
the adjoint equations, has been applied to aerodynamic shape
problems, beginning with [15]. In these and further works, the state
equations were time-invariant and the system model was either the
potential equations [16], steady Euler equations [17-19], or the
Reynolds-averaged Navier—Stokes equations [17,19-22]. The
solution of shape optimization problems using these equations is
now commonplace in the aerospace industry and other industries.
Because of the large computational expense occasioned by the
temporal dimension, the unsteady Navier—Stokes equations have
rarely been used for the system model; however, recent advances in
computing power have made it possible to consider using these
equations as the system model. Studies that used the two-
dimensional unsteady incompressible Navier—Stokes equations for
the state equations include [23-26]. In [23-25], the control was a

source term added to the momentum equations throughout the
computational domain. Although very good results can be obtained
with this control, it is essentially impossible to physically implement
such a controller. Control of vortex shedding behind a circular
cylinder was accomplished in [26] using the more physically
realizable control of injection and suction at the surface of the
cylinder. The two-dimensional unsteady compressible Navier—
Stokes equations were used for the state equations in [27], in which
the choice of control space was investigated, and in [28], which
focused on noise reduction in a mixing layer. The control in [28] was
source terms added to the equations in the interior of the
computational domain, although within a small subset of the
computational domain. The issue of the proper solidification of
metals in castings is of great industrial importance and has received
attention in [29,30], in which control of natural convection and
solidification was achieved using an adjoint-based conjugate
gradient approach. In this work, the system model was the two-
dimensional unsteady incompressible Navier—Stokes equations and
the Boussinesq approximation. The two-dimensional unsteady
incompressible Navier—Stokes and temperature equations were used
as the system model in [31] concerning control of the temperature.
Because the control in [31] was the temperature and the system
model contained no influence of the temperature on the velocity and
pressure, the velocity was solved independently of the temperature
and only appeared as coefficients in the equation governing the
temperature. Control of the temperature in a magnetoconvection
problem was addressed in [32], in which the system model was the
unsteady incompressible Navier—Stokes equations, along with the
Boussinesq approximation and the Lorentz force arising from the
magnetic field. Although most of the numerical problems solved in
[32] were two-dimensional, one small (10 x 10 x 10) three-
dimensional problem was solved.

Because of the large computational expense involved, the three-
dimensional unsteady incompressible Navier—Stokes equations have
rarely been used as the state equations. Works in which the three-
dimensional unsteady incompressible Navier—Stokes equations have
been used as the state equations include [33-35]. The work by [33]
concerned drag reduction of turbulent channel flow by means of
varying the wall normal velocity. With proper choice of the objective
function, significant reductions in drag were achieved, even to the
extent of laminarizing the flow. Control of transition in the boundary
layer and channel flows was studied in [35]. Recently, work [36,37]
has also been done in the field of three-dimensional computer-based
animations in which the goal is to generate physically realistic fluid
flows that behave in a specific way (i.e., are controlled in a specific
way). Although physical accuracy is not a prime concern in such
animations, the desire for physically realistic flows causes the
methods used to be very similar to those used in the physical and
mathematical sciences.

II. Optimization Problem

In the present work, square brackets [] denote functional
dependence, and parentheses () denote multiplication; that is, a[b +
¢] means that a is a function of b + ¢, and a(b + ¢) means a times
b + c; boldface type indicates vectors. Figure 1 is a schematic of the
optimization problem with which the present work is concerned. The
goal is to maximize the film-cooling effectiveness along the bottom
wall of Fig. 1 by varying the normal component of the velocity at the
bottom wall, subject to the constraint that the mass and energy flux
through the bottom wall is zero. Mathematically, this problem is
defined in a general form as follows.

Maximize an objective function H[T[¢[x, t]]] with respect to a
control-variable function ¢[x, #] defined on a boundary 92 4, subject
to the constraints of Egs. (1-7).

1
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Fig. 1 Schematic of the physical domain for the minimization problem
showing boundary conditions and dimensions.
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The film-cooling effectiveness is defined by

T, —T.

crossflow jet

nlx, 1] = ®)

With the values of T osf10w and T, used in the present work (see
Sec. V.A), this reduces to Eq. (9).

nlx,f]=1—T[x,0,1] )

Note that the film-cooling effectiveness is bounded between zero and
one and that maximizing the film-cooling effectiveness is equivalent
to minimizing the wall temperature. This leads to the objective
function defined by Eq. (10), in which H[T[¢[x, ] is the spatially
and temporally averaged bottom-wall temperature squared.

;i/” /L‘(T[x,o, D2dedr  (10)
(t—t)L:J, Jo

H[T[¢lx. ]} =
The interior of the spatial computational domain is €2, 92 is its
boundary, 9S24 is the part of d$2 in which control is applied, L, is the
length of the bottom wall, and #,, #, are the beginning and the end of
the time period over which the optimization problem is defined. The
temporal length ¢, — ¢; should be long enough that the temporal
statistics of the temperature are independent of t, — #,. Equations (1-
3), respectively, describe the conservation of momentum, mass, and
energy. Constant physical properties are assumed throughout the
present work; the physical properties are defined by the Reynolds
number Re and the Prandtl number Pr. Equations (4-7) are,
respectively, the velocity boundary conditions, the temperature
boundary conditions, the zero-mass-flux constraint on the control
variables, and the zero-energy-flux constraint on the control
variables. Obtaining solutions to Eqs. (1-7) requires a numerical
method that discretizes these equations and thereby transforms the
continuous optimization problem into a discrete one.

III. Discretization of Navier—Stokes
and Temperature Equations
A. Spatial Discretization

The state equations in the present work are the incompressible
two-dimensional nonconservative unsteady Navier—Stokes and
temperature equations (1-3). In the present work, the velocity vector
is denoted by u, the individual components of which are defined by

u= (Z) Using finite differences, Eqs. (1-3) are discretized on a

staggered grid, which is used to avoid the appearance of spurious
modes in the pressure field. In two dimensions, each pressure grid
point is surrounded by four velocity grid points. Pressure is not
needed or defined on nonperiodic boundaries. For the convective
terms, a three-point second-order centered scheme is used [3].
Because of the staggered grid, none of the velocity components are
stored at the same location. They are, however, needed at the same
location to compute the terms of u;(du;/dx;), where i # j. They are
obtained by fitting a two-dimensional Lagrange surface over the
point in question. The fitting uses products of two-point Lagrange
polynomials, resulting in a total of four points used to fit the surface,
and is second-order-accurate. The number of points, and hence the
accuracy, is retained as the boundary of the flow domain is
approached. The diffusive terms are represented by three-point
second-order-accurate central-difference schemes. The pressure-
gradient term and the terms in the continuity equation are represented
by two-point second-order-accurate centered stencils. Equation (3) is
represented using the same order and type of scheme used for the
momentum equations. Further details of the finite difference schemes
can be found in [3].

B. Temporal Discretization

The spatially discretized convective and diffusive terms of the
momentum and temperature equations are integrated in time using
the explicit third-order Adams—Bashforth scheme [Egs. (11) and
(12)]. The time step for which the solution is sought is denoted by
n+1.

un+l —u" 23 1
—Qx - —Vp't 4 p) (R_e Vu" — (u- Vu)")

161
_ - _VZ n—1 __ .V n—1
12 (Re u - (- v )

5/1
= _vz n—-2 __ .V n—2 11
5 (v - e var) (an
Tn+l —_T" 23 1
=— V2T" — (u - VT)"
At 12 (RePr (u-vD) )
16 1
-— V27t — (u - VT)"!
12 (RePr (u ) )
+ 2 (L e _ . vy (12)
12 \RePr
C. Solver

Note that due to the explicit time integration of the convective
terms, the spatially and temporally discretized counterparts of
Eqgs. (1) and (2) form a linear system of equations that must be solved
at each time step. This linear system is solved using the direct sparse-
matrix-solver routines of either the Intel Math Kernel Library or
version 3.0 of the SuperLU matrix solver package [38]. This direct
solution means that aside from round-off error, the errors in the
numerical solution of Egs. (1) and (2) are strictly the result of the
spatial and temporal discretization, with no residual error in the
solution of the system of equations resulting from the discretization.
The spatially and temporally discretized counterpart of Eq. (3) does
not require a solver, being fully explicit in 7"+!.
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IV. Adjoint Equations and Gradient

A. Gradient of the Objective Function

In the present work, a conjugate gradient method is used to find the
minimum of the objective function; therefore, the gradient of the
objective function with respect to the control variables is needed.
Note that the objective function (10) does not explicitly depend on
the control-variable function ¢[x, 7], but does so only implicitly
through the constraints defined by Eqs. (1-7); therefore, it is not a
simple matter to obtain the gradient of the objective function with
respect to the control variables. In the present work, the gradient is
obtained by solving a set of adjoint equations, which are derived from
the discretized versions of Eqs. (1-5).

B. Adjoint Equations

The goal is to determine the gradient of a scalar function given by
Eq. (13) with respect to the discrete control variables ¢y, . .., ¢y,

Hluy[¢r. ... ¢ul. . unlrs o Pyl roo o] (13)

subject to the constraints given by Eq. (14), which are the discretized
versions of Egs. (1-5) (these constraints are also known as the state
equations).

L{¢.s[¢ll
Lilur[@y. .. dul. - unlrs . Pul @1 ]
LN[ul[¢l""7¢M]7"'7uN[¢I’~"7¢M]7¢17“"¢M]
0
= (14)
0

InEqgs. (13) and (14), ¢ is the vector of control variables of dimension
M; s[¢] is the vector of state variables (the discrete velocity, pressure,
and temperature of the discretized Navier—Stokes and temperature
equations) of dimension N; and L[¢,s[¢]]=0 denotes the
discretized Navier—Stokes and temperature equations of dimension
N. Note that the state variables depend on the control variables (i.e.,
uydr, ..., duls .., unldy, ..., oyl); this dependence is described
by L[¢,s[¢]]=0. Writing a Taylor series expansion of the
constraint equations around ¢ yields Eq. (15).

L[$ + A¢.s[p]+ As[A¢]|=L[¢.s[p]]l+ V,L[g,s[4]]- As[A¢]
+ V4 L[9.s[¢]l- Ag + O[A¢?] (15)

Assuming that the constraints given by Eq. (14) are satisfied yields
L[¢,s[¢]] = 0. Assuming that the constraints are satisfied when
moving A¢ in control-variable space yields

Lip + A¢.s[¢] + As[A¢]| =0

Therefore, if the higher-order terms of the Taylor series expansion
are neglected, then

ViL[¢.s[p]]- As[Ap] + V,L[§,s[p]]- Ap =0  (16)

If Eq. (16) is satisfied, then for any vector A, Eq. (17), which is a
scalar, holds.

(VsL[¢.s[@]]- As[Ap] + V,L[§.s[d]]- A¢)-L =0  (17)

The change in the objective function (AH, a scalar) for a small
change in ¢ is given by

AH=V,H-As[Ap]+ V,H-Ad + OA$?]  (18)

Neglecting the higher-order terms of Eq. (18) and adding Eqs. (17)
and (18), yields

AH =ViH - As[A¢] + V,H-A¢
+ (ViL[¢.s[¢]]- As[A@] + V4L(g.s[]]- Ad) -1 (19)
Rearranging Eq. (19) yields
AH=V4H-A¢p + (V,L[p,s[p]]- Ap) - L + V,H - As[A¢]
+ (V;L[9,s[¢]] - As[A¢]) - A (20)

The goal is to eliminate all derivatives with respect to s from the
equation for the change in the objective function, leaving only
derivatives with respect to the vector of control variables ¢. This will
be accomplished if

ViH - As[A¢] + (V,L[¢.s[¢]]- As[A¢]) -2 =0 (2D
Rewriting Eq. (21) yields
(VsH + ViLg.s[¢]]- 1) - As[A¢] =0 (22)

Now for the scalar Eq. (22) to be true for any vector As[A¢], the
following vector equation must be satisfied.

Ve.H + V,L[¢.s[¢]]-A =0 (23)

After solving the system of Eqs. (23) (which are called the adjoint
equations) for A (the adjoint variables), Eq. (20) becomes

AH=V4H-A¢ + (V,L[¢,s[p]]- Ag) - A (24)
Rearranging and simplifying yields
AH = (V4H + V,L[§,s[@]]- 1) - A¢ (25)

where the term within () is the final expression for the gradient of the
objective function with respect to the vector of control variables ¢.

Equation (23) can also be obtained by considering Eqgs. (1-5) and
(10) as a constrained optimization problem in which the goal is to
minimize Eq. (10) subject to the constraints of Egs. (1-5), and
addressing it using Lagrange multipliers, the resulting Lagrange
multipliers can be shown to be the adjoint variables.

C. Discussion of Adjoint Equations

At this point, it is appropriate to mention some qualities of the
adjoint equations (23). Derived from the discretized Navier—Stokes
and temperature equations, the adjoint equations have a form very
similar to them. In fact, the adjoint equations arising from
considering only the linear parts of the discretized Navier—Stokes
and temperature equations (i.e., mass conservation and diffusion)
have a coefficient matrix multiplying the adjoint variables that is the
transpose of the coefficient matrix multiplying the linear part of the
discretized Navier—Stokes and temperature equations. This
similarity to the discretized Navier—Stokes equations means that
solution methods used for the discretized Navier-Stokes and
temperature equations can be used with little modification to solve
the adjoint equations. Although the present work uses the same
sparse direct solver to solve the linear systems arising from the
discretized Navier—Stokes and temperature equations and the adjoint
equations, iterative methods are also commonly used. The
convergence rate of iterative methods is highly dependent on the
eigenvalues of the matrix of the linear system and, of great
importance for solution of the adjoint equations, the eigenvalues of a
matrix are not changed by taking its transpose. Another important
property of the adjoint equations is that they are linear in the adjoint
variables, and therefore their solution should be easier than those for
the nonlinear Navier—Stokes and temperature equations. Although
the temporal integration of the spatially discretized Navier—Stokes
and temperature equations in the present work has resulted in a linear
system at each time step, implicit temporal integration of the
convective terms would result in a nonlinear system of equations at
each time step. However, regardless of the temporal integration of the
spatially discretized Navier—Stokes and temperature equations, the
system of equations defining the adjoint variables is always linear.
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An impediment to the solution of the adjoint equations is that they
depend on the state variables (i.e., the discrete velocity, pressure, and
temperature). When the state equations are the unsteady Navier—
Stokes and temperature equations as in the present work, this means
that in addition to being stored at every spatial location, the discrete
velocity, pressure, and temperature must also be stored at every
temporal location in the time segment over which the gradient is
desired. This requirement presents a severe computational restriction
caused by the storage requirement of the temporal dimension.
However, aside from this storage requirement, the adjoint equations
provide a way to obtain the gradient of the objective function with
respect to the control variables, the computational cost of which is
independent of the number of control variables.

There are two methods of obtaining the adjoint equations: In the
first, described in Sec. IV.B and used in the present work, the adjoint
equations are derived from the discretized state equations (1-5). In
the second, they are derived from the continuous state equations (1—
5) and then discretized. The two methods are not identical on any
finite grid spacing. Deriving the adjoint equations from the
discretized equations instead of deriving them from the continuous
equations and then discretizing the continuous adjoint equations has
benefits: the primary one is that the gradient thereby computed is
exact and can be verified on any grid using a finite difference method.
As the grid spacing is reduced, the two methods become the same.
However, the methods are not the same on practical grid sizes; one
difference is that the gradient computed from the second method may
be significantly different from the exact gradient and may thereby
cause the search direction in the conjugate gradient scheme to not be
a descent direction. However, both methods have been successfully
used for problems in which the physical accuracy of the simulation is
important, which implies that the grid spacing is small enough that it
is not a significant factor in the numerical model, and therefore the
two methods would be expected to be relatively close. When only
qualitative agreement with the physics is needed (and therefore the
grid spacing is large, such as in computer animations [36,37]), the
first method is invariably used. Comparisons between the two
methods are given in [39,40].

Itis possible to derive the adjoint equations automatically from the
discrete state equations using an automatic-differentiation software
package, which takes a computer program that implements the state
equations as input and returns software code for the adjoint equations
[41,42]. This method is not used in the present work for two reasons:
the first is that the resulting software code for the adjoint equations is
generally inefficient and the second is that automatic-differentiation
software has difficulties if the computer program that implements the
state equations is a parallel program using a message-passing library
such as the Message-Passing Interface (MPI). Because efficient code
is of great importance in the present work and the computer code used
in the present work is parallelized using domain decomposition and
the MPI, the software code for the adjoint equations was derived by
hand. Because this is an extremely tedious and error-prone process,
care was taken to verify that the gradient computed by the hand-
coded adjoint equations is correct by comparing it with the gradient
computed using a finite difference method.

In a finite difference method, the gradient is obtained from

a_H _H[T[¢]’¢k +87""¢K]]_H[T[¢]’¢kv"'7¢l(]]
3¢k o &

where ¢ is a small positive number; each component of the gradient is
obtained by perturbing each respective control variable in turn.
Computationally, this is very demanding, because the objective
function must be evaluated for each perturbed control variable. In the
present work, there are up to 2,019,840 control variables (see
Sec. VIILE.3), each of which would have to be perturbed, meaning
that the computationally demanding Navier—Stokes and temperature
equations would have to be solved 2,019,840 times to determine the
gradient. Because the gradient will need to be computed potentially
thousands of times during the optimization process, this approach is
computationally prohibitive. In addition, tests must be performed to

determine an appropriate value for ¢, because the expression for the
gradient is very sensitive to round-off error.

The finite difference schemes described in Sec. III and the adjoint
equations derived from them were implemented in a Fortran 95
computer program called Tetra, developed by the author. All results
in the present work were obtained from this computer program.
Additional details concerning Tetra can be found in [3].

V. Physical Problem and Grid Independence

A. Physical Problem

Figure 1 describes the physical problem, dimensions, and
boundary conditions of the present work. The numerical values of the
dimensions are Lj =03, L,=225 L,=8, L,=20,
Lpegin = 0.5, and Lepepg =15. At x=0 (0 =<y <L;,), the
boundary conditions are u = U, v =0, and T = 0. The boundary
x=0 (Lig =y = L,) is a no-slip wall, where u =0, v =0, and
T=1. The boundary x=0 (L,<y<Ly,) and y=1L,
(0 < x < L,) has boundary conditions of u = U,/2, v=0, and
T = 1. Atx = L,, a convective outflow boundary condition is used
for both velocity components and temperature. The bottom-wall
boundary y = 0,0 < x < L, has a temperature boundary condition
of 9T /dy = 0. On this same boundary (Where Lopegin < X < LPena),
the velocity boundary conditions are ¥ = 0 and v = ¢; otherwise,
they are # =0 and v=0. No control is applied to the wall jet
(0 <y <Lj). The problem is nondimensionalized by U,
(1/0.3)Li; and T oqs10w- The Reynolds number based on U, and
(1/0.3)Lje is 300; the Prandtl number is unity. Figure 2 shows an
instance in time of the base (uncontrolled) flow. The unstable shear
layer and the resultant vortex shedding can be clearly seen. Just past
the jet exit there are three layers in the vertical direction of vorticity of
alternating sign, with the top layer due to a strong recirculation region
behind the vertical wall. At the end of the top layer of vorticity at
x & 3, vortex induction between the bottom two layers of vorticity
causes the wall jet to lift off of the wall. This liftoff is the cause of the
failure of the film-cooling jet to protect the surface from the hot fluid.

B. Grid Independence

The outcome of a finite difference numerical approximation of a
partial differential equation depends on the spatial and temporal step
sizes and on the residual of the solution method used to solve the
discretized equations. The residual is not an issue in the present work
because a direct method is used, which solves the discretized
equations such that the L; norm of their residual is close to machine
precision. The effect of the spatial and temporal resolution is
investigated using three grids (170 x 52,337 x 103, and 673 x 205)

00 .08 .17 .25 .33 42 .50 .58 .67 .75 .83 .92 1.00
time=985.194

Fig. 2 Instantaneous view of flow without control: a) temperature and
b) vorticity; 337 x 103 grid; every other fourth vector is shown.
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Table 1 Grid dependence of Strouhal number and spatially and
temporally averaged film-cooling effectiveness and wall shear
(percentage is relative to the results from the finest grid)

Grid Strouhal number T war [EQ. (20)] Tyan [Eq. 2D)]
170 x 52 0.096 (11.1%) 0.399 (4.1%) 1.252 (21.1%)
337 x 103 0.106 (1.9%) 0.413 (.7%) 1.450 (8.6%)
673 x 205 0.108 0.416 1.586

in which the grid spacing is decreased by almost exactly one-half
when moving to the next-finest grid. The time step used in Eqs. (11)
and (12) is 0.012 on the 170 x 52 grid. It is halved on the 337 x 103
grid and, due to the viscous stability limit, is reduced by one-eighth
on the 673 x 205 grid. On the 170 x 52 grid, the maximum Courant—
Freidrichs—Levy number in the x direction is ~0.12; itis ~0.07 in the
y direction. The grid spacing is smaller in the x direction near the
origin, to increase resolution in the recirculation region (the ratio of
the maximum grid spacing of the grid on which u is defined to the
minimum in the x direction is 1.8 on the 337 x 103 grid); in the y
direction, based on the grid on which v is defined, it is decreased near
the wall to better resolve the boundary layer (the ratio of the
maximum grid spacing to the minimum is 6.1 on the 337 x 103 grid).
The difference in the primary quantity of interest in the present work,
the wall temperature, defined by Eq. (26), along with the Strouhal
number based on Uy, and the wall shear, defined by Eq. (27), are given
in Table 1. These results demonstrate that for this Reynolds number,
a solution independent of the grid and time step can be obtained on
the 337 x 103 grid.

1 960
Wil T (960 — 480) Lgo

Ly
T / T[x,0, f]dxdt (26)
0

! [t 0 6 qdxd 27
T —=————————— —|x,0,¢ t
T wall Lx (960 _ 480) w0 Jo 8y [X ] ( )

VI. Objective Functions and Control Variables
A. Control Variables

The control variables are functions of space and time. Ideally, it is
desired to find the control over the long period of time given by ¢, and
t, in Eq. (10). Because computational limitations prevent this, the
time period is broken up into equally sized segments; the length of
these segments is called the event horizon. Control is then found only
within each event horizon; the total control is then obtained by
piecing together (without any breaks or overlaps) the control found
within each event horizon. An illustration of this temporal piecing
together of the control is given in Fig. 3.

The control variables are the normal velocity along the bottom
wall, as described in Sec. V.A and shown in Fig. 4. Therefore, the
velocity at the grid points in which control is applied is v = ¢. There
are 131 and 263 control variables at each time step for the 170 x 52
and 337 x 103 grids, respectively. It is necessary to impose bounds
on the control variables such that the velocity at the grid points at
which control is applied does not exceed physically realistic values;
these velocities are restricted to be > —0.4U,, and < 0.4U,,. This also
ensures that the maximum Courant-Freidrichs—Levy number of the
flow with control is not significantly different from that without
control, which is necessary for numerical stability. This is

o,[x,t] for t, <t<t+ t,
ox,tl=q 0,[xt] for t+ t <t<t+2t,
0,[x,t] for t+2t,, <t<t,

EH —

9, [%,1] 0,[%:t] O[x,t] ‘
Y
| eventhorizon1 | eventhorizon2 | eventhorizon3 |
t, t+t, . t+2t,, t,
time

Fig. 3 Illustration of construction of the total control by the piecing
together of the controls found within each event horizon.

accomplished by imposing an inequality bound of the form |¢| <
0.4U, on each control variable.

B. Objective Functions

Because the goal of the present work is to minimize Eq. (10), the
objective function used by the minimizer ideally should be defined
by Eq. (10). However, due to finite computer resources, this is
impractical because the time period [7,, ] in Eq. (10) is quite large,
and therefore evaluation of Eq. (10) [especially the storage
requirements of the adjoint equations (23)] is too computationally
expensive. Therefore, the objective function can be defined only over
a much smaller time period. This finite period of time (commonly
called the event horizon and abbreviated in the present work as #gy) is
the distance forward in time over which the flow is evolved and in
which new control variables are generated to minimize the objective
function. It is therefore the length of time over which the gradient of
the objective function with respect to the control variables must be
computed. Clearly, the longer the event horizon, the more control
exists over the objective function. However, this must be balanced
against the increased computational expense of longer event
horizons. An important computational limitation is that the velocity
and (if the objective function depends on them) the pressure and
temperature must be stored over the entire event horizon for use in
solving the adjoint equations given by Eq. (23) (the solution of which
is needed to determine the gradient).

Because it is computationally impractical to use the desired
objective function, the suitability of other objective functions can be
explored. Another objective function used in the present work is
based on the turbulent kinetic energy. The rationale behind
considering an objective function based on the turbulent kinetic
energy is that it will target the unsteady vortex shedding, which
increases the wall temperature by convecting the cold-wall jet away
from the wall while simultaneously breaking it up.

C. Spatial Measures

The spatial measures used in defining the objective functions are
given by Eq. (28), which describes the temporally varying spatially
averaged film-cooling effectiveness, and by Eq. (29), which
describes the temporally varying spatially averaged turbulent kinetic
energy.

] = Li /O L‘(l — T[x.0, 1)) dx (28)

Kz, ]

1 B2 (/.\’jmax ( 1 /VfEH [ []dl [ t])z
—_— ujx,y, —u\x,y,
L.V('BZ_IBI) B » Ten J (y—1)ign

"V jmax—1 1 ViEH 2
+/ 7/ vlx, y, f]dr—vlx, y,1] dydx (29)
Yoy TEn J (=1

where y = 1,2, ... indicates the discrete event horizons.

Note that the spatial average in Eq. (29) is not over the entire range
in the x direction with 8, =.5 and B, = 19. Note also that this
measure is specific to each event horizon, because the temporal mean

- = - = - = - = - = - = - = - = - =
-

- u=U2,v=0, T=T

7/ crossflow

;= o
sfg ] u=U,, v=0, T=T,, \
T=Tcrossﬂow 7'—/— = vmhﬂ | 1y i . VT

T T lul/ T xll I
g L¢begin
L
q)end Lx

Fig. 4 Location of control variables, represented by solid vectors.
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is carried out over the time interval defined by the event horizon; the

integral
/ ViEH
(y=Diten

is to be understood to be carried out over the unique event horizon to
which ¢ belongs. The integrals in Eq. (29) are only over the interior of
the domain; therefore, the control on the wall is not included in
Eq. (29). In Eq. (29), ¥, and y; 4 are the y locations of the first main
grid point off of the wall and the last grid point immediately off of the
freestream boundary; yv, and yv; ,,, _ are the same for the locations
at which the vertical component of velocity is stored.

D. Temporal Weighting
The spatial measures of interest must have the temporal dimension
removed to define an objective function within each event horizon.
There are many ways of doing this; in the present work, two
approaches are investigated. The first is an average over the event
horizon, and the second is to only consider the measure at the final
(terminal) time step of the event horizon. Applying the two temporal
weightings to the two spatial measures yields the four objective
functions (30) studied in the present work. The desired objective

functions
ﬁ — 1L [VEH (1 _

g J (y—=Dien
— 1 [(VEn

H, = { k= tgy J (y=Dign [t’ )’] dr } 30)
Tterminal = (1 77[117 + V[EH])2
ktcrminal = k[tb + ViEn, y]}

n[t])? dx dt

where nl] isgivenby Eq. (28), k[]is given by Eq. (29), and ¢,
is the time that the optimization begins. Note that the terminal
objective functions 7ermina ad Kiermina d0 N0t penalize the spatial
measures at any point in time other than the final one of each event
horizon. Therefore, the optimizer is free to increase the spatial
measures at any time other than the final time step of the event
horizon, if doing so results in a decrease in the measure at the final
time step of the event horizon. If the objective function depends only
on temperature, then there is no influence of the velocity at the end of
the event horizon on the objective function, due to the explicit time
integration of the convective terms in the temperature equation. This
is addressed by removing the last time step from the control-variable
temporal dimension; in this case, the control is set to zero for the last
time step.

E. Zero-Mass- and Energy-Flux Constraints

For the optimization problem to be physically realistic, mass- and
energy-flux constraints must be imposed on the control variables.
These mass- and energy-flux constraints are defined by Eqs. (31) and
(32), respectively, which are the discrete counterparts of Egs. (6) and
(7). The mass-flux constraint is always linear, whereas the energy-
flux constraint is linear if the temperature is assumed to not depend on
the control variables.

The discrete mass-flux constraint is that for each time step #,

iqﬁ?Axi =0 31)

i=i

The discrete energy-flux constraint is that for each time step n,

> T A =0 (32)

i=i

where i,—i, is the range of grid indices at which the control-variable
indices are defined.

In the optimization process, new values of the control variables (at
the k + 1 iteration) are found by performing a line search by varying
« along a search direction S, where S is determined by a conjugate
gradient algorithm (i.e., ¢**' = ¢* + aS), where the control

variables at the kth iteration are assumed to satisfy the zero-mass- and
energy-flux constraints. These new control variables must satisfy the
zero-mass- and energy-ﬂux constraints at each time step. In general,
the control variables ¢**! . along this line will not satisfy these
constraints. New control variables ¢*tl . = that satisfy the
constraints are sought that are as close as possible to those that do not
satisfy the constraints. This can be accomplished by adding a
perturbation vector € to the control variables and minimizing the L,
norm of this vector, subject to the constraint that the resulting control
variables must satisfy the zero-mass- and energy-flux constraints.
This defines the following optimization problem.

Minimize:
G= ( ]cc(;lslrained - ¢ﬁ:1rc£mslrained)2 = (¢k + oS +oae — (¢k + as))Z
=a?e? (33)

Subject to the constraints given by Egs. (31) and (32).

This optimization problem can be solved using Lagrange
multipliers, leading to a linear system with dimensions of the number
of control variables plus the number of constraints. Because there are
two constraints at each time step, the number of constraints is twice
the number of time steps. This linear system can be broken up into a
series of smaller linear systems for the mass- and energy-flux
constraints at each time step. A solution to each of these smaller
linear systems can be obtained using a direct method, the
computational cost of which scales linearly with the number of
control variables. At each nth time step, the Lagrange multipliers are
given by

Al =32, Ax;Ax; —32.i%, Ax;Ax; T} -
Al B Ax;Ax,TH -1 Ax; Ax; T} T}

2 It/, ttl ALb

i AxS! a
X
Zt ip AX,TIH]S?

After solving for A at each time step, the solution for € is given by
—(AxXA} + Ax, T8 MY i=1dp, ..., (35)

The result of solving this optimization problem is that the search
direction S is projected into a subspace that satisfies the zero-mass-
and energy-flux constraints, yielding a new search direction given by
S + &. This will result in satisfying both constraints for a specified
spatial and temporal distribution of the temperature. However, as one
moves in control-variable space in the direction defined by this new
projected vector, the spatial and temporal distribution of the
temperature will change and the constraints will likely not be
satisfied. The fundamental problem is that the coefficients of the
energy-flux constraint (32) are themselves functions of the
temperature and therefore, through the solution of the Navier—Stokes
and temperature equations, functions of the control variables. The
results of this assumption are addressed in Sec. VIIL.D. Note that the
mass-flux constraint is always satisfied because the coefficients of
this constraint do not change.

F. Penalty Term

The objective function seen by the conjugate gradient minimizer
differs slightly from the desired objective function (30) by the
inclusion of a penalty term in the objective function used by the
optimizer. As discussed in Sec. VI.A, an inequality bound is imposed
on the control variables of the form |¢| < 0.4U, to ensure that the
velocity does not exceed physically realistic values. This is
accomplished by using the penalty function given by Eq. (36) with
M= 10°.

H—N (o) 36
"_Z ;o.wo (36)

n=1

This function has the desired property of being very close to zero
when all |¢| <0.4U, and increasing extremely rapidly if any
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|¢| > 0.4U,. The outer summation on the time index n is present
because the penalty is present at each time step of the event horizon.
The objective function used by the conjugate gradient minimizer H is
the sum of the desired objective function H, (30) and the penalty
term H , (36). In all results in the present work, the size of the penalty
term is negligible, compared with the desired objective function.

G. Sensitivity of Objective Functions

Animportant consideration is the influence of the control variables
on the objective function (i.e., the sensitivity of the objective function
to the control variables), which is related to the gradient of the
objective function. Because the objective function, and hence the
gradient, may be scaled by an arbitrary amount, comparisons of the
gradients of different objective functions with the goal of comparing
the sensitivities should normalize the gradients by the objective
functions. The control variables depend on both space and time. The
spatial distribution of the control variables is fixed, however, the
temporal distribution is not, because it depends on the event horizon.
Therefore, the temporal history is of interest and the spatial
distribution of the control variables can be addressed by a spatial
norm.

Figure 5 shows the spatial L., norm of the gradients of the
objective functions normalized by the objective function. The figure
should be understood as looking backward from time ¢ = 979.2
(hence, the origin is reset to # = 0) and observing the sensitivity of
control variables in the past. The gradient shown is before the
gradient vector is projected into the linear subspace that satisfies the
mass- and energy-flux constraints. Comparison of 1) to 1emina ShOWS
that they have very different sensitivities, with a peak sensitivity for
Nierminal- L0is peak sensitivity occurs ~33 units of time from the end
of the event horizon; this time scale is slightly more than that required
by a particle to convect through the entire x dimension [the spatial
integral in Eq. (28) is over the entire x dimension] at the average
velocity of the wall jet. This not surprising, because 1/RePr < 1
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and the dominant means of transporting heat is convection. Past this
peak, the sensitivity decays toward zero as time recedes. This is
expected, because the influence of an event (i.e., a control variable)
on the solution at a point in time “washes out” as the temporal
distance between the event and the solution at the point in time goes
to infinity. In comparison, the sensitivity of 7 shows no peak as it
appears to asymptote past the peak sensitivities of emina, Which is
expected, because the average over time always includes the peak
sensitivity.

The sensitivity of ki;mina 1S different from that of 70 10 that its
maximum value is four times greater than that of 7;¢y;n. and it has a
different shape. In particular, it does not decay away toward zero as
does Nermina- This behavior is the result of the temporal integral in
Eq. (29), which defines the mean velocity within each event horizon
and which equally weights the velocity at all time steps within the
event horizon. Therefore, even though the influence of a temporally
distant (from the end of the event horizon) control variable on the
velocity at the end of the event horizon would be expected to be
small, this control variable will still have some influence on the
objective function because of the temporal integral in Eq. (29). As a
result, once far enough away in time from the end of the event
horizon, all control variables would be expected to reach a common
sensitivity defined by the equal weighting of the temporal integral in
Eq. 29).

Both objective functions based on the turbulent kinetic energy
have greater sensitivity and, for the terminal objective function, have
a peak sensitivity a shorter distance backward in time than the
objective functions based on the temperature. This suggests that the
kiermina @0d k objective functions will be easier to minimize for short
event horizons than the 79,mina and 7 objective functions. For all
objective functions, the distinct frequency appearing in Fig. 5 is
exactly that of the natural frequency (see Table 1) of the problem. For
the terminal objective functions, the shape of the plots of the
sensitivities with their distinct peak sensitivities suggests that as the
length of the event horizon increases, the control effectiveness will
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Fig. 5 Temporal history of the L, spatial norm of the gradient of the control variables normalized by the value of the objective function at t = 979.2
before control is applied; dashed lines indicate the extent of the temporal domain of the control variables included by the different event horizons; no

penalty term is used; 170 x 52 grid.
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increase until the peak sensitivity lies within the event horizon, with
further increases in the length of the event horizon unlikely to
improve the control.

VII. Minimization Method

The optimization strategy in the present work uses the Fletcher—
Reeves conjugate gradient method [43] with a one-dimensional line
search. This method was chosen after tests showed it to be superior to
the Polak—Ribiere and Hestenes—Stiefel conjugate gradient methods
[43] for a related optimization problem. Results from using different
conjugate gradient methods are discussed in Sec. VIILE.2. The
results and efficiency of a conjugate gradient method applied to a
nonlinear problem depend heavily on the termination criteria and the
line-search method; therefore, these are described in detail.

The optimization is terminated if either of two criteria is met. The
first criterion is that the ratio of the objective function to the objective
function at the beginning of the simulation before the optimization
has begun (at #=979.2) is less than 1 x 1072, Although this
termination criterion is applied to all objective functions, it never
actually comes into play for those based on the film-cooling
effectiveness, because with a starting (before control is applied) film-
cooling effectiveness of ~0.55 and a maximum film-cooling
effectiveness of 1, this termination criterion is never reached for the
objective functions based on the film-cooling effectiveness. A test
was performed for the k objective function with an event-horizon
length of 2.88 using criteriaof 1 x 107!, 1 x 1072,and 1 x 1073, The
maximum difference in the film-cooling effectiveness (using the
criterion of 1 x 1073 as the base) was ~1.1% for the criterion of
1 x 107! and ~0.1% for the criterion of 1 x 1072. The second is a
stalling criterion, which is met if the absolute value of the ratio of the
maximum difference in the last five objective function values to the
maximum of the last five objective function values is less than 1073,
At the beginning of each new event horizon, the initial guess (needed
by the optimizer) for the control variables is zero, which satisfies the
zero-mass- and energy-flux constraints.

The golden-section line search is used for the one-dimensional
search in control-variable space, terminating when the absolute value
of the difference between successive values divided by the maximum
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of the absolute value of those values is less than 107!, If the line
search initially fails to find a reduction in the objective function using
the maximum-possible line-search line length, which is limited by
the constraints on the control variables (Sec. VI.A), this length is
reduced by one-eighth and a new search is begun. This process is
repeated up to twice more; if all three fail, the search direction is then
reset to the gradient direction and the objective function is computed
asmall (10~7) distance along this line. If this objective function value
is smaller than at the beginning of the line, then a new search is begun
along this line. If not, or if the search fails, then the optimization is
terminated for that event horizon.

VIII. Results and Discussion
A. Objective Functions 5 erminats 75 Kterminal, and k

The flow is first evolved 979.2 units in time [i.e., f, = 979.2 in
Eq. (30)], after which time control is initiated. The control is
continued until the flow has evolved a further 138.24 units in time.
During this time, optimal values are computed for the control
variables without any breaks (i.e., the control is on for the entire
138.24 units of time). Results are presented for four different event-
horizon lengths of 0.72, 2.88, 11.52, and 46.08, along with the four
different objective functions, described in Sec. VL.B. These event
horizons are chosen so that they are integer multiples of each other
and of the total length of time over which control is computed. The
maximum length is chosen to be 46.02, because this length is
sufficient to capture the peak sensitivities of all the objective
functions.

Figure 6 shows that for all objective functions, at all event
horizons, the film-cooling effectiveness is increased. In general,
when the objective function is based on the film-cooling
effectiveness, there is less increase in the film-cooling effectiveness
than when the objective function is based on the turbulent kinetic
energy. The author believes that the primary reason that the objective
function based on the turbulent kinetic energy performs better is that
it directly targets the primary reason for the breakdown of the film-
cooling flow, which is the unsteady vortex shedding that transports
the cold-wall jet away from the wall and transports hot fluid toward
the wall. Because objective function & results in the greatest increase

Ul
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Fig. 6 Instantaneous film-cooling effectiveness for all objective functions at all event horizons.
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in film-cooling effectiveness, the present work focuses attention on
this objective function.

The data in Fig. 6 may appear counterintuitive, because better
results are not always obtained from longer event horizons. For
example, four event horizons of 11.52 can also be found within an
event horizon of 46.08, because the control-variable space spanned
by the event horizon of 46.08 includes all of the control-variable
spaces spanned by four event horizons of 11.52. However, this plot
concerns the film-cooling effectiveness, and two of the objective
functions (Figs. 6¢ and 6d) are different measures of the turbulent
kinetic energy. For these objective functions, the film-cooling
effectiveness, indeed the entire temperature field, has no effect on the
optimizer. For the two objective functions based on measures of the
film-cooling effectiveness, however, this is counterintuitive. The
reason why a larger event horizon will not always result in a lower
value of the objective function is a result of the landscape of the
objective function in control-variable space in conjunction with the
type of optimizer used. The objective function is unlikely to have one
local minimum, because the objective function depends on the
nonlinear Navier—Stokes equations. A gradient-based method, as
used in the present work, will find a local minimum quickly (which
minimum it will find will depend on the starting guess and specifics
of the line search). Stochastic methods do not use the gradient of the
objective function and, as aresult, are less likely to become trapped in
a local minimum, but they also generally require many more
evaluations of the objective function than do gradient-based
methods. Because the evaluation of the objective function in the
present work is extremely expensive, these methods are extremely
inefficient. A potential solution to this problem is the use of
stochastic methods to change the initial guess for the start of the
gradient-based method.

B. Objective Function k

Note that the time between successive optimization windows (i.e.,
the length of the event horizon) has frequencies of 1/0.72 = 1.338,
1/2.88 =0.347,1/11.52 = 0.087, and 1/46.08 = 0.022 for event-
horizon lengths of 0.72, 2.88, 11.52, and 46.08, respectively.
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Because the natural frequency of the system is 0.106, only the event-
horizon lengths of 11.52 and 46.08 are long enough to contain
control with components at this frequency. Figure 7 shows the L,
spatial norm of the control in frequency space for the four event
horizons. This norm is a good metric for energetic injection or
sucking near the wall. The longest event horizon shows a distinct
peak at the natural frequency, indicating that the optimizer is
targeting the vortex shedding. By contrast, none of the other event
horizons show any especially large component at the natural
frequency. Note that the dominant component for all event horizons
is the frequency with which the event horizons are repeated (although
the frequency range shown does not include that for rzy = 0.72; this
is also true for this event horizon). Figure 8 presents the temporal
history of the L, spatial norm of the control. Note that for the longest
event horizon, the control decreases by three orders of magnitude,
whereas for the shortest, the magnitude decreases only slightly. For
event-horizon lengths of 11.52 and 46.08, the magnitude of the
control always drops off sharply toward the end of the event horizon.
This behavior can be explained by the sharply decreasing sensitivity
of the objective function with respect to the control variables (see
Fig. 5). This decrease at the end of the event horizon also occurs for
event horizon lengths of 0.72 and 2.88, but not for every event
horizon. This can be explained by the fact that the shorter the event
horizon, the smaller the range of sensitivity within the event horizon.
Although not shown, this decrease at the end of the event horizon is
even more pronounced for the 7 objective function. The
discontinuity near ¢ = 1079.2 in Fig. 8c is a result of the control
being turned off when the objective function is reduced beyond a
specified level (see Sec. VII for specifics).

Because the control can consist of both injection and suction, a
comparison between them is of interest. Equation (37) provides a
measure of the magnitude of injection (v > 0) to suction (v < 0). If
v, + v_ is positive, then the spatially averaged injection velocity is
larger than the spatially averaged suction velocity. Because of the
zero-mass-flux constraint, this also means that when Eq. (37) is
positive, the area over which injection occurs is smaller (but the
average velocity in this area is greater) than the area over which
suction occurs.
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Fig. 7 L, spatial norm of the control in frequency space for the k objective function at four event horizons; frequency 1/¢gy with which the event
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Figure 9 shows v, + v_ in the temporal domain for the four event

horizons.
—6.4x 1073, 22 %1073, 5.0 x 107, and —5.6 x 10~* for event

horizons of 0.72, 2.88, 11.52, and 46.08, respectively. This shows

02 _
/ [x,0,1dx (37)

1
Q

1 tlol
] v[x, 0, f]dx +
" 0

Vet -=5g

where 9€2 (9€2_) is that part of Q¢ where v > (<)0.



2454 MULDOON

A time=979.194 ;
0 2 ) [ 8§ 10 12 x14 16 18 20 22 24 26

1 time=982.194
0 2 4 6 8 10 12 x14 16 18 20 22 24 26

-1 time=985.194
0 2 [} 3 8 0 12 x14 16 18 20 22 24 26

©)
Fig. 10 Contours of vorticity with the control superimposed at three

different times for the k objective function; vectors are scaled by 100;
tgn = 46.08.
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Fig. 11 Contours of vorticity with the control superimposed at three

different times for the k objective function; vectors are scaled by 100;
ten = 46.08.

that, on average, the velocity magnitude of injection is essentially the
same as suction. However, Fig. 9 shows that instantaneously there
are significant differences in which v, + v_ is an order of magnitude
larger than its average. For the longest event horizon, the frequency
of the sign change of v, + v_ is that of the natural frequency. This
indicates that the control for this event horizon, which is
approximately four times longer than the period of the natural
frequency, is targeting components of the objective function at the
natural frequency. This is not seen for the other event horizons, in
which the primary frequency component is that at which the event
horizon is repeated.

Figures 10-12 show the control and the vorticity in a sequence of
images at different time steps, showing the reattachment of the jet to
the wall. Note that the scaling of the vectors representing the control
in Fig. 12is 2.75 times greater than that in Figs. 10 and 11. Almost all
of the control is exerted close to the inflow boundary in which the
inlet of the wall jet is located. This is where the recirculation region
exists and the vortices form. Once the vortices are suppressed by this

Z Vortici
1 'ogy

4 time=1099.194 Pyt
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-1 time=1102.194
2 4 6 8 10 12 x 14 16 18 20 22 24 26
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c)
Fig. 12 Contours of vorticity with the control superimposed at three

different times. The vectors are scaled by 275. k objective function,
tgy = 46.08.

= 100

4 4 .
= .88
3 = 75
.62

0 ptileee.. .25
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2 ] [ 8 10 12 x 14 16 18 20 22 24 26
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-1 vectors scaled by 275

)
Fig. 13 Contours of temperature with the control superimposed at

three different times for the k objective function; vector scaling is not the
same at each time step, but is indicated on the plot; t; = 46.08.

control near the inlet; very little control is needed further along the x
axis to keep the jet attached to the wall. The length over which the
control contiguously has the same sign is approximately equal to the
length scale of the vortices. The control is evidently suppressing the
vortex induction between the bottom two layers of vorticity of
alternating sign. This vortex induction is what causes the jet to lift off
of the wall and to break up. Once the jet is reattached, much less
control energy is needed to keep it reattached (see Fig. 8). Figure 13
shows the temperature and the control at different time steps. The
almost complete reattachment of the jet to the wall by the optimal
control is clearly seen in this figure. Note that the vectors representing
the control in Fig. 13 are scaled by 6.5/275, relative to those in
Figs. 13b and 13c.

C. Behavior of the k Objective Function

The behavior of the objective function (i.e., how it changes when
the control variables change) is of interest, because it can indicate
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location of the line section search. Event horizon of 0.72, search directions of the first four iterations of the conjugate gradient algorithm of the 28th event
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location of the line section search. Event horizon of 46.08, search directions of the first four iterations of the conjugate gradient algorithm of the first event

horizon.

whether the optimization algorithm is appropriate. In particular, the
behavior of the objective function along the search direction is of
great interest. Figures 14 and 15 show the change in the objective
function when moving along the line in control-variable space

defined by the search direction of the conjugate gradient algorithm
for the k objective function at event-horizon lengths of 0.72 and
46.08. The line along which the objective function is sampled in
Figs. 14 and 15 begins at the location in control-variable space in
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Table 2 Energy flux through the part of the lower wall in which the
control exists; 337 x 103 grid

Table 3 Total number of objective function evaluations needed
for different event horizons and objective functions

Mass-flux constraint only Mass- and energy-flux constraint ten = 0.72 tey = 2.88 tgy = 11.52 tgy = 46.08
tey =0.72 - 2.2 x 107! tey = 0.72 = 8.9 x 1073 Kierminal 8375 1057 823 621
tey = 2.88 — 2.0 x 107! tey =2.88 = 1.5x 1073 k 22522 1720 774 468

teg = 11.52 - 33 x 1073
tey = 46.08 — 3.3 x 1073

fo = 11.52 — 9.8 x 10~
fo = 46.08 — 5.9 x 10~

which the search direction is defined and continues in the search
direction until the inequality constraints on the control variables are
exceeded. There are 50 evenly spaced sample points, beginning at the
point in control-variable space in which the search direction is
defined and terminating when further movement in the search
direction exceeds the inequality constraints on the control variables.
Note that the desired objective function (30), which does not include
the penalty term (36), is plotted. Because of the large exponent in
Eq. (36), the difference between the desired objective function and
the objective function plus the penalty is miniscule wherever the
inequality bounds on the control variables are satisfied. Plotting the
desired objective function avoids the irrelevant sharp spike in the
penalty term in Eq. (36), which has a value greater than 1 at the
termination of the line, where at least one of the control variables
equals the value of the inequality bound on the control variables. For
the event-horizon length of 0.72, the objective function is very well-
behaved along the search direction with only one minimum, whereas
at an event-horizon length of 46.08, the objective function behaves
quite differently. For the event-horizon length of 46.08, the objective
function is not unimodal. Figure 15b shows the objective function
with one local minimum and Figs. 15a, 15c, and 15d show the
objective function with two local minimums. This behavior can
cause the line search to fail to find the global minimum; this occurs in
Fig. 15a, in which the line search finds the higher local minimum.
The objective function along the line has a differing shape,
depending on the specific event horizon and iteration; however, the
basic characteristic of increasing complexity and nonlinearity holds
as the event horizon is increased. Because of the relatively parabolic
shape of the objective function along the search direction for the
event-horizon length of 0.72, the golden-section line search could be
replaced with a more efficient method involving finding the
minimum of a parabola. Because the value of the objective function
at the starting point of the parabola and the derivative at the starting
point are known, only one additional evaluation of the objective
function is needed to define a parabola. Although not shown, at
event-horizons lengths of 2.88 and 11.52, the behavior of the
objective function is very similar to that at an event-horizon length of
0.72, with the only multiple local minimum observed at an event-
horizon length of 46.08. This behavior of the objective function at the

.005:

.004 —4—— t.,,=46.08

.003:

.002

.001

P s s . |
N 2 ) 6 § 1fo 12 14 16 18 20 22 24
iteration

Fig. 16 Convergence history of the first event horizon for the k
objective function.

event-horizon length of 46.08, in conjunction with the gradient-
based optimization method, constitutes the explanation mentioned in
Sec. VIILA for why this event-horizon length does not result in
higher values for the film-cooling effectiveness, compared with the
event-horizon length of 11.52.

D. Energy-Flux Constraint

As mentioned in Sec. VLE, the energy-flux constraint is not
exactly satisfied because it is assumed to be a linear constraint, but in
actuality, it depends on the control variables through the solution of
the Navier—Stokes and temperature equations. Table 2 presents
temporal norms of the spatially integrated energy flux

1[92
'3—94) / @[x]T[x, 0] dx

using the mass- and energy-flux constraints versus using only the
mass-flux constraint. It can be seen that the use of the mass- and
energy-flux constraints reduces the energy flux greatly. If only the
mass-flux constraint is used, then the energy-flux constraint is
violated to a much greater degree, by approximately two orders of
magnitude. For comparison, if the wall jet had a temperature of 1,
then the energy flux into the domain due to it would be 0.3.

E. Performance of the Minimizer

The convergence history of the k objective function for the first
event horizon is shown in Fig. 16. The most noticeable feature is the
increasing rate of decrease in the objective function as the length of
the event horizon increases. This behavior is not surprising, because
the longer the event horizon, the more control exists over the
objective function. For all event horizons except the shortest, the
objective function sharply decreases at first, before leveling out and
eventually terminating the optimization, due to the stalling criteria
described in Sec. VII. Upon termination of the optimization for the
first event horizon, the L, norm of the gradients is 1 x 1077,
2 x 1077,8 x 1077, and 6 x 1079 for event-horizons lengths of 0.72,
2.88, 11.52, and 46.08, respectively.

1. Effect of Line-Search Termination Criteria

In nonlinear optimization problems, a significant amount of
computational time is commonly spent determining the minimum
along a search direction. Table 3 presents the number of objective
function evaluations needed for different event horizons and
objective functions. The count of these objective function
evaluations includes those at the origin of the search direction,
which are computed when computing the gradient used to determine
the search direction, plus the additional evaluations along the search
direction needed to bracket the minimum during the line search.
Because each evaluation requires a solution of the discretized
versions of Egs. (1-5) over the event horizon, this involves a
substantial amount of computational work. The reason that the
number of objective function evaluations does not decay linearly
with the increase in the event-horizon length is because of the greater
potential to reduce the objective function for longer event horizons
(see Sec. VIILE), and therefore more iterations required, before the
stalling criteria (see Sec. VII) terminates the optimization for that
event horizon.

In the present work, the line-search termination criterion given in
Sec. VIl is used. Analysis of the effect of the line-search termination
criterion found that it has very little influence on the results. As an
example, for the k objective function using the 170 x 52 grid and
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event-horizon lengths of 0.72 and 46.08, there is a maximum
difference of ~4.2% in the film-cooling effectiveness during the time
period in which the control is on, using the line-search criterion of
107", where n =0, ..., 6.

2. Effect of the Conjugate Gradient Method

Comparisons are made between the Fletcher—Reeves, the
Hestenes—Stiefel, the Polak—Ribiere, and the steepest-descent
methods [43] for the 1 and k objective functions at event-horizon
lengths of 0.72 and 11.52. Taking the Fletcher—Reeves method as the
base, the greatest difference in the film-cooling effectiveness over the
entire time that the optimization is on is 13% for the steepest-descent
methods for the k objective function at an event-horizon length of
0.72. For this case, the Fletcher—Reeves method performs best early
in time, but all methods converge toward the end of the time period.
For objective function 7 at an event-horizon length of 11.52, the
steepest-descent method performs best (by ~4%) at the end of the
time period, with the Fletcher—Reeves method performing worst and
the Hestenes—Stiefel and Polak—Ribiere methods lying in between.
For objective function k at an event horizon of 11.52 and objective
function 7 at an event-horizon length of 0.72, there is very little
difference between the methods.

3. Computational Requirements

The nonlinear optimization problems solved within each event
horizon in the present work are computationally challenging in their
own right without considering the necessity of solving them for
numerous event horizons to determine the control variables for the
entire temporal domain of interest. The control-variable space in
which the minimizer operates in the present work has a very large
dimension: for the 337 x 103 grid using the longest event horizon
(tgy = 46.08), there are 263 points in the spatial dimension times
7680 points in the temporal dimension, for a total of 2,019,840
control variables in each event horizon. The calculations in the
present work were carried out using either single 2.4-GHz 64-bit
Opteron processors or 32-bit Intel P4/Xeon processors; simulations
requiring more than 2 GB of memory were run on the Opteron
processors. The greatest CPU time required for all the simulations in
Fig. 6 was 76.2 h of CPU time. For the k objective function, the CPU
time required was 46.5, 20.9, 76.2, and 62.6 h for event-horizon
lengths of 0.72, 2.88, 11.52, and 46.08, respectively. The memory
requirements (due to the necessity of storing the velocity and
temperature for use in solving the adjoint equations) scale linearly
with the length of the event horizon. The largest event horizon used in
the present work required 6.3 gigabytes of memory. All simulations
were carried out in double-precision.

IX. Conclusions

The present work demonstrates the feasibility of numerical control
of the unsteady Navier—Stokes and temperature equations for a
simplified film-cooling problem using an optimization algorithm.
The optimization algorithm is gradient-based, with the gradient
obtained by solving a set of adjoint equations. The optimization was
accomplished over a very-high-dimensional space, with up to
2,019,840 dimensions (i.e., control variables). The present work
provides guidance concerning the numerical issues involved with
applying an adjoint-based optimization scheme and information
about physics of the resulting control for a film-cooling flow. The
ultimate goal behind the present work is to develop a practical means
to predict and control a film-cooling flow to increase film-cooling
effectiveness and/or to reduce the process air required to do so.

Although all objective functions studied in the present work
increased film-cooling effectiveness, best results were obtained
using an objective function based on the turbulent kinetic energy.
Three of the four objective functions were relatively sensitive to the
length of the event horizon. However, the k objective function, which
was the most effective objective function and on which attention was
focused, was relatively insensitive to the length of the event horizon.
Numerically, this is a great advantage, because the memory

requirements scale linearly with the length of the event horizon.
Although a large increase in the film-cooling effectiveness was
obtained with the k objective function at all event horizons studied,
the control energy required depends strongly on the length of the
event horizon. For the shortest event horizon, the control remained
near the inequality bounds placed on the control, whereas for the
longest event horizon, the control decreased by more than two orders
of magnitude. Although this is not necessarily a concern
computationally, for a physical system, this may be an important
advantage. For the longest event horizon, the k objective function
was found to have multiple local minima in the search direction. This
suggests that an improvement in the results could be obtained by
adding a stochastic component to the line-search algorithm to allow
escape from one local minimum to another, potentially lower, local
minimum. In addition, future work could consider escape from local
minima within the entire control-variable space (not just the direction
defined by the line-search vector), which could potentially be
accomplished by using a stochastic method to change the initial
guess for the start of the gradient-based method.
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